The uniqueness of the simple group of order 604800 as a subgroup of SL6(4)  by Wales, D
JOIXKAI. 01; AI.GI!RHA 1 1, 455-460 (1969) 
The Uniqueness of the Simple Group of Order 604800 
as a Subgroup of Z&(4) 
Departme& of Mathematics, California Imtitute of Technology, 
Pasadetm, California 91 IO9 
Commtoticated by Richard Hrauev 
Received Jwte 14, 1968 
The uniqucncss of a simple group of order 604800 was shown in [S]. 
It was shown first that the character table was unique. This implied the 
existence of a subgroup of order 6048 isomorphic to Uz(3). The uniqueness 
was obtained by showing the permutation representation on the coscts of this 
subgroup was unique. 
Here the character table and the subgroup of order 6048 arc used to show 
there is a 2-modular character of degree 6. A representation corresponding 
to this character can then be written in S1,(6, 4). Its restriction to a subgroup 
of order 6048 can be uniquely given in X(6, 2). There arc exactly two 
extensions to the simple group in SL(6, 4) each giving isomorphic groups. 
This shows the uniqueness of the simple group. In fact, it is shown that the 
simple group of order 604800 is a subgroup of G,(4)*. 
‘The notation is the same as in [5]. Thus G is a simple group of order 604800. 
‘l’he term modular character and modular irreducible character is the same as 
in (131 page 153). 
The characters of G are divided into two distinct 2-blocks. \l’e label the 
principal 2-block B,(2) and the other 2-block R,(2). The block B,(2) is 
described in Section 9 of [.5]. It has an elementary abelian defect group of 
x M. EM1 has used a different set of 6 x 6 matrices over (GI’(4) to generate the 
group of order 604800. Recently, John I,indsey of Harvard University has discovered 
a complex six dimensional projective representation whose Lnodular constituent 
is this representntion. 
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order 4. There are four ordinary irreducible characters in B,(2); I/+ , #;, , J,,, 
and &. As Z&,(T) and JI,:,(rr) are irrational ([5]-19.1) there arc at least two 
modular characters in B,(2). I f  there were two they would be conjugate 
under an isomorphism sending Oi to 0,. As q&(ti) =: I, #i2 must be 
modularly irreducible. It is then impossible to lit & into the block. This 
means by ]2] that B,(2) contains three modular characters. As G has ten 
2-regular conjugate classes B,(2) must contain seven modular characters. 
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We let &” hc the complex valued class function & restricted to the 2-regular 
elements. ‘I’he following relations are easily verified by direct computation. 
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It is true that the qua form a basis over the integers for the lcli” with Gi in 
B,(2) but this will not bc needed. This means the qi are a basic set [3]. 
Actually, the cocflicients of the yi as multiplicities in the #jn are non negative 
integers. 
Let H be a subgroup isomorphic to US(3). It is easily checked that there 
are five 2-modular characters for H. These are the restrictions of p,, , pr , pa , 
pa , and p4 to the 2-regular elements of H. The notation is as in [S]. We label 
these poo, plo, pso, ho, and p40. It is easy to check that vpl and q+ restricted to the 
conjugate classes of H give exactly ps O. This means 40~ and p2 are irreducible 
modular characters. Certainly v, is also an irreducible modular character. 
‘There are exactly four more irreducible modular characters. \Ve will show 
that v, and vt are irreducible modular characters of degree 6. 
The ordinary character I,& when restricted to H has p3 and p4 as 
constituents. Therefore I,!J*O restricted to H has pzo T pho as modular 
constituents. The characters &, , $y7 , $1o, &,O, #to do not. This means 
dJ*O contains an irreducible modular character as a constituent not found 
as a constituent of (cry, , I+!J:~ , #r”, #2, #y. . This means z,$‘~ , #y, , #rO, &O, #y. 
must contain at most three new irreducible modular characters as constit- 
uents. 
Suppose &, is modularly irreducible or has two constituents of degrees 1 
and 20. Clearly the linear one would be ~~~ As #y, is a conjugate the con- 
stituents of #f, are conjugate to the constituents of Z/J&. As &O cannot be 
written as a sum with constituents from yo, vi , ~a, or + ~a, y2 + y4 we see 
*lo must contain the final irreducible modular character as constituent. 
It must be rational. As $i” is rational the only possible modular constituents 
are p. and pi -,- q+ . I f  P)~ --AL p2 is a constituent the remaining constituents of 
degree 8 have value --7 on rr. This is clearly impossible. It is now impossible 
to write &,” as a sum of the irreducible modular characters for which the 
multiplicities are non negative integers (2.7). In fact 
$9” = 2% + (pl, + 9)3) + 2(P), + T2) + v5 - 2Y32 - 
This means #& is reducible and there is no constituent of degree 20. As +T6 
restricted to H has constituents of degrees 1, 6, 14; z& must have constituents 
of degrees 1, 6, 14; 15, 6; or 7, 14. We will show that in fact there are three 
constituents q+, , p’i , yy  . 
In any case the characters of degrees 6 or 7 when restricted to a 5-Sylow 
group behave like ordinary complex valued characters. Schur’s theorem [6] 
then implies they are not rational. This gives two modular irreducible 
characters of degrees 6 or 7. There is exactly one further irreducible modular 
character. I f  the constituent of #& of degree 14 or 15 is not of degree 14 and y1 
or vn it must be the final irreducible modular character. In this case we 
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consider the decomposition of $ 10. The restriction of #r” to H decomposes as 
$1” I H = 2po” + pl” + 2p,O. (2.9) 
As &O must bc a sum of modular irreducibles, it is a sum of the modular 
irreducible characters we have found. However, the only ones we have found 
whose restrictions to H contain pro are the ones of degree 6 or 7. As $r” is 
rational the character of degree 6 or 7 must appear together with its conjugate. 
This contradicts (2.9) as it implies pl’l occurs with multiplicity at least 2. 
We have now shown I& has one constituent of degree 14 which is either q+ 
or pa. There is either one further constituent of degree 7 or two more 
constituents of degrees 6 and 1. If  t& had ~a as an irreducible constit- 
uent the value on the remaining constituent of degree 7 would be 
3 + 0, ~ 38, = 40, . This is impossible for a character of degree 7. We see 
that #& has v1 as a constituent. Also (2.4) shows that either y)a or v. pi- y9 is 
a modular irreducible character. 
We will show that ~a must be a modular character. Suppose that qs is not 
a modular character. This means v. -1 y:. is one by the above paragraph. 
By considering the possibilities it can be seen $1” is not a sum of the modular 
characters so far obtained. The final character must be a constituent of #r”. 
By considering #to restricted to a 5-Sylow group 0 we see the trivial character 
does not appear. In fact if in 0 there are x elements conjugate to n or v2 and 
24 ~~- x elements conjugate to r1 or rr,? WC have that --4x -I- (60 x) is 
25 times the multiplicity of the trivial character. \I’e see s 2, 7, or 12. The 
only possibility here is 12. This means F,, is not a modular constituent of &“. 
It is now impossible to write #Ro as a sum of modular irreducibles with non 
negative integral coefficients (2.7). In fact 
AJo = 91 + (To + YJ + %Po + 3)4) + 7% - 90. 
This shows ~a and v74 are modular characters of G. 
As the traces are all contained in GF(4), tl 1c representation can be realized 
in SL(6, 4) by [I]. 
III. THE MATRIX REPRESENTATION OF G 
As U(3, 3) has exactly one modular irreducible character of degree 6 with 
rational trace it may be realized in SL(6, 2). In fact Dickson has done this 
in [4] writing U(3, 3) as the subgroup of index two in G,(2). Actually the 
matrices are 7 x 7 but have an invariant h-dimensional subspace in charac- 
teristic two. In Dickson’s notation let S, L P12Q321Pz3Q121 and B, = Q231Q341 . 
Let S, B be the 6 x 6 matrices consisting of the first six rows and columns 
of S, , B, . 
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These are as follows: 
r0 1 1 
0 0 1 
s, = ~ 1 1 1 
0 





1 1 0 0 
0 1 1 0 
0 0 0 1. 
0 1 0 
1 1 0 
0 0 1 
0 
0 0 0 
0 
1 0 0 
0 0 1 
0 1 1 









These satisfy S ii = 1, Bi3 = 1, B,‘S,B, == S12. In G let S, f  be elements 
satisfying the same relations si = e, b3 = e, b-lsb = s2. In :V((S>) there is an 
involution t such that tst = s-l, tbt = b. The only 6 x 6 unimodular 
matrices T of order 2 satisfying the same relations with s replaced by S, 
b replaced by B are 
T(d) = 
‘0 0 0 0 d 0’ 
0 0 0 0 0 d 
0 0 0 d 0 0 
0 0 d-1 0 0 0 
d-1 0 0 0 0 0 
0 d-l 0 0 0 0 
d E GF(2”). 
Let X be a 6 x 6 representation of G such that X i N is the represenatation 
given by Dickson. We may assume X(s) = S, X(b) = B. As (H, t> =- G 
we need only determine X(t) to have the representation completely given. 
Rut we are forced to pick X(t) = T(d) for some d. If  d = 1 the whole 
representation is in GF(2) which is certainly not the case. In fact adjoining 
T(1) gives G,(2). The set of matrices (X(H), T(d)) are certainly isomorphic 
to the set of matrices {X(H), T(d-l)) so we may pick d or d-l at will. In fact 
we will show that d E GF(4). As d @ GF(2) th’ IS will show that X(t) = T(d) 
or T(d2). Each set of matrices is isomorphic and the uniqueness is shown. 
In Dickson’s notation the matrix MXn is as follows. 
MX,, = r 0   1  0 1  0 1 
LO 0 1 
0 0 1 01 




0 1 0 0 
0 0 o-i- 
Let Y be the 6 x 6 matrix consisting of the first six rows and columns. Then 
Y E X(H). I f  T(d) = X(t) then YT(d) E X(G). 
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However 
0 d-l  -l 0  0  0  0  
d~‘O ~‘O 0  0  0  0  
d10 0 0 d 0 
Let L = (( Y)(T(d)))2. The eigenvalues of L are d2, d2, d2, d-2, de2, dp2. The 
only possible conjugate class for which these could be the eigenvalues 
corresponding to p. or ?a is T. This means d3 == 1 and so d E GF(4). This 
completes the uniqueness. 
The 7 x 7 matrices of order 2 satisfying the relation 7;S,T, = S’,l, 
T,B,T, = B, can be found also. They are the matrices with T(D) in the 
first six rows and columns, zeroes in the 7th row and column except for a 1 in 
the (7, 7) position. Picking tl E GF(4), d # 0, 1 we see that T,(d) E G,(4) 
[4 eq. 1,2]. This shows that G is a subgroup of G,(4). In fact it is a 
maximal subgroup of index 416. The permutation representation on its cosets 
is of rank 3. 
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